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A t-spread set [l] is a set V of (t + 1) x (t + 1) matrices over GF(q) such that 
I Q I = q’+‘, 0 E Q, Z E Q, and det(X - Y) # 0 if X and Y are distinct elements 
of Q. The amount of computation involved in constructing t-spread sets is 
considerable, and the following construction technique reduces omewhat this 
computation. Construction: Let 9 be a subgroup of GL(t + 1, q), (the non- 
singular (t + 1) x (t + 1) matrices over GF(q)), such that ] 3 11 a”+‘, and det 
(G - H) # 0 if G and H are distinct elements of 8. Let A, , A, ,..., A,, E 
GL(t + 1, q) such that det(A< - G) # 0 for i = l,..., n and all GE J, and 
det(A,-A,G)#O for i>jand all GEM. Let V={O}uSuA,Su~~~ 
U A,$, and 1 Q I = qt+l. Then %? is a t-spread set. A t-spread set can be used 
to define a left V - W system over V(t + 1, q) as follows: x + y  is the vector 
sum; let e E V(t + 1, q), then xoy = yM(x) where M(x) is the unique element 
of Q with x = eM(x). THEOREM: Let Q be a t-spread set and F the associated 
V - W system; the left nucleus = {y ( qM(y) = U}, and the middle nucleus = 
{y I M(y)%’ = a}. THEOREM: For ‘8’ constructed as above 9? C {M(x) I x E Nn}. 
This construction technique has been applied to construct a V - W system of 
order 25 with / NA ( = 6, and I NP / = 4. This system coordinatizes a new 
projective plane. 
1. INTRODUCTION 
The construction of translation planes is of considerable interest at 
present, and there are various techniques for constructing such planes. 
One method which has received little interest is the construction of trans- 
lation planes via t-spread sets. A t-spread set is a type of a set of matrices 
which can be used to construct a V-W system, and this system can be used 
to construct a translation plane. One difficulty in constructing t-spread 
sets is that a good deal of computation of a routine nature is required. 
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A method of construction of t-spread sets which reduces to some extent 
the computation involved is given in Section 3 of this paper. This method 
yields valuable information about the left and middle nuclei of the 
associated V-W systems. This information is important in considering 
the associated translation planes. 
Section 2 contains a characterization of the left and middle nuclei of 
a left V-W system in terms of t-spread sets. The method of construction 
mentioned above is also applied in Section 3 to construct some t-spread 
sets of 2 x 2 matrices over GF(5). In Section 4 it is shown that one of the 
t-spread sets so constructed yields a new translation plane of order 25. 
2. PRELIMINARIES 
We begin this section with the definition of t-spread set as found in [2]. 
We let V(n, 4) denote the vector space of all rz-tuples of elements of GF(q). 
DEFINITION 2.1. A set of (f + 1) x (f + 1) matrices over GF(q) is 
called a t-spread set if it satisfies the following conditions: 
(1) I g I = @+l, 
(2) OE%‘andZE%, 
(3) If 1, YE % and X # Y, then det(X - Y) # 0. 
Here 0 and Z denote the zero and identity matrices. 
It follows that every non-zero element of $7 is non-singular. Also, 
if (Q) and (bij) are distinct members of %‘, then 
(41 2 a, >‘..T G,l> f @il , bi2 ,..., bit+,) for all i = l,..., t + 1. 
DEFINITION 2.2. A left V-W system is a triple, (F, +, .), such that 
(i) (Z’, +) is an Abelian group with identity 0, 
(ii) (F - {0), .) is a loop with identity 1, 
(iii) a . 0 = 0 . a = 0 for all a E F, 
(iv) a . (b + c) = a . b + a f c. 
A V-W system can be constructed from a t-spread set as follows: 
F = V(t + 1, q), and for X, y E F, x + y is the ordinary vector sum. Let e 
be a fixed element of F, e # 0. There is a unique M E V such that y = e&f. 
Denote M by M(y). Let x, y E F, y # 0, and define y * x = xM( y). Let 
0 . x = 0. It is known [l] that (F, +, .) is a left V-W system. 
Every V-W system can be used to coordinatize a translation plane, and 
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we will use the following notation. Let %? be a t-spread set, a V-W system 
constructed from 59 is denoted by F,(W), where e is the fixed vector. The 
translation plane coordinatized by a V-W system, G, will be denoted by 
4% 
Two subsets which are of importance in studying left V-W systems are 
the left and middle nuclei. 
DEFINITION 2.3. Let F be a V-W system. The left nucleus of F, Nh , 
and the middle nucleus of F, N, , are respectively, 
N,={a~FIa~(x~y)=(a~x)~yforallx,y~F,a#O}, 
NW = {a E F I x . (a . y) = (x . a) . y for all x, y E F, a f O}. 
The reader is referred to [3] for definitions of isotopy and anti-isotopy, 
and for the proof of the following theorem. 
THEOREM 2.1. Let (R, a, b) be an isotopism (or anti-isotopism) from 
the V-W system (FI , +, .) onto the V-W system (F, , 0, 0). Then (R, a, b) 
induces the following mappings: 
(i) X : x + (x ’ b . a) R for all x E NA is an isomorphism from N,, 
for FI onto N,, for Fz (or N, for FJ; 
(ii) p : x + (b . x . a) R for all x E N, is an isomorphism from N,, 
for FI onto N, for F, (or NA for F,). 
The following theorem characterizes Nh and N, for V-W systems 
contructed from t-spread sets. 
THEOREM 2.2. Let %? be a t-spread set, and Fe(g) the V-W system 
constructed from ?Z with jixed vector e. Then 
NA = {y~F,(g) [ VM(y) = ‘e} and N, = {~EF,(%?) 1 M(y)?? = g}. 
Proof. First consider NA . Let m E N,+ , then (m . y) . x = m . (y . x) 
for all x, y E F,(e). Thus, xM(m . y) = x&I(y) M(m) for all x. Hence, 
M(m . y) = M(y) M(m) for all y, and thus gM(m) = %‘. 
Now suppose that %?M(m) = V. m . y = yM(m) = eM( y) M(m), and 
m . y = eM(m . y). Now, M(y) M(m) E 97, and so eM(m . y) = eM( y) M(m) 
implies that M(m . y) = M(y) M(m). Thus, for all x, xM(m . y) = 
xM( y) M(m), and thus (m . y) . x = m . (y . x). Hence, m E NA . 
A similar argument suffices for N, . 
COROLLARY 2.1. If M E 9?:, a t-spread and M2 $ %?, then eM 6 NA u N,, . 
This corollary is useful in actually determining NA and N, for V-W 
systems constructed from t-spread sets. 
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From this point on, we will take e to be the vector (1, 0, O,..., 0) E V(n, q), 
and the e will be dropped from F@). 
3. CONSTRUCTION OF I-SPREAD SETS 
In this section we will give a procedure for constructing t-spread sets 
which reduces somewhat the necessary amount of computation. 
DEFINITION 3.1. Let A be a non-singular (t + 1) x (t + 1) matrix 
over GF(q) and let B be a set of non-singular (t + 1) x (t + 1) matrices 
over GF(q). A is said to be compatible with B if det(A - X) # 0 for 
all XE B. 
CONSTRUCTION. Let 9 be a subgroup of non-singular (t + 1) x (t + 1) 
matrices over GF(q) such that 1 9 1 / q t+l - 1 and such that if G E 9, 
then G is compatible with 9 - {G). Let 
~?={O}U~UA,~U~~~UA,~ 
where A, is compatible with 9, and if i > 1, then Ai is compatible with 
3 u A,% u ... u AiWl’?Y, and ( 9? ( = qt+l. 
THEOREM 3.1. V is a t-spread set with 9 C (44 E 5~7 / eM E N,,}. 
Proof. We must show that if A, B E g, A # B, then det(A - B) # 0. 
Case 1. A, B E 9. det(A - B) # 0 by the choice of 9. 
Case2. AE9’,BEAi9’.LetA=G,,andB=A,G,. 
det(A - B) = det(G, - A,G,) 
= det[(G,G;l - Ai) G,] 
= det(G,G;l - Ai) det Gz 
#O 
since G,G;l E 9 and Ai is compatible with 9. 
Case 3. A E Ai and B E A,9, for i # j. Let A = AiG, and B = AjGz . 
Assume i > j. 
det(A - B) = det(A,G, - A,G,) 
= det(A, - AjG,Gil) det G1 
#O 
since A, is compatible with Aj’9. 
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Case 4. A, B E A,‘??. Let A = AiG, and B = AiG, . 
det(A - B) = det(A,G, - A,G,) 
= det Ai det(G, - G,) 
# 0. 
Finally, we consider NA and 9. 
~=({O}u~~AA,~u~~~uA,~)~ 
= (0) u 93 u (A,3) 59 u -.- u (A,%) 29 
= (0) v 59 v A,9 u ... u A,9 
= v. 
So 9 C (M E V 1 eM E NJ by Theorem 2.2. 
COROLLARY 3.1. Let GL(t + 1, q) be the group of non-singular 
(t + 1) x (t + 1) matrices over GF(q). If 9 4 GL(t + 1, q), then 
SCM,. 
This construction has been applied to the set of 2 x 2 non-singular 
matrices over GF(5) to construct l-spread sets with 
In the following tables we list these l-spread sets by giving the Ai , MA , 
andM,,whereM, ={MEV~eeM~NJ,andM, =(ME%‘jeeMEN,): 
Set A, A2 A3 A, A, A, A, 
23 43 42 
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4. THE ASSOCIATED TRANSLATION PLANES 
We will now turn to a consideration of the translation planes 
coordinatized by the systems %?r , 9, , %?a . In particular we will show that 
n[E’(C,)] is not isomorphic to any known plane. The following theorem is 
needed and can be found in [6]. 
THEOREM 4.1. Let (Fl , +, .) and (FZ, 0, 0) be two non-isotopic and 
non-anti-isotopic left V-W systems which coordinatize isomorphic planes, 
then (I N,, I, I N,, I> = 1 or 2 and(l N,, I, 1 iV,, I) = 1 or 2. 
We will also need Theorem 4.2, which follows from an argument similar 
to that in [4, Theorem 3.3.11, and an application of Theorem 2.1. 
THEOREM 4.2. Let rr be a$nite projective plane coordinatized by a left 
V-W system. If there is a collineation of ?r which interchanges X and Y, then 
NA is isomorphic to N, . 
Following is a list of the known translation planes of order 25 [2, 5, 71: 
1. The Andre planes. 
2. The Foulser generalized Andre planes. 
3. The planes coordinatized by (c)-systems. 
4. The Foulser flag transitive planes. 
Andre planes and Foulser generalized Andre planes can be coordinatized 
by Foulser’s h-systems [3]. All h-systems are (c)-systems [7], and, for 
these h-systems, 1 N,, j = 6. So by Lemma 5.2 of [3], 1 N,, 1 = 1 N, I = 6. 
The only known (c)-systems of order 25 which are not X-systems have 
Nh = N, and I Nn I = 8 or / N, j = 6. There are two of these, which we 
will call Fl and F, , respectively [5]. 
To determine then that Z-[I;(‘%‘,)] is a new translation plane, it suffices 
to consider the planes coordinatized by h-systems, rr(F&, T(F,), and 
Foulser’s flag transitive planes. 
THEOREM 4.3. nfF(%?,)] is not isomorphic to any known plane. 
Proof. First we will show it is not isomorphic to n(F.J or any plane 
coordinatized by a h-system. I Nh I # 1 N, 1 for F(V,) and thus it is not 
isotopic or anti-isotopic to Fl or F, or any h-system. This is by Theorem 2.1. 
I NA I = 6 for F(%?.& and thus, by Theorem 4.1, r[F(%?,)] is not isomorphic 
to rr(FJ or any h-plane. 
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Now consider rr(F,). The greatest common divisor of the orders of the 
middle nuclei of Fl and F(%?,) is 4, so again by Theorem 4.1, 7r[F(%‘&] is 
not isomorphic to x(F,). 
The flag transitive planes remain to be considered. The collineation 
group of a flag transitive plane is transitive on the points of XY, and we 
will show that this is not the case with 7r[F(V,)]. 
Suppose that r[F(%‘,)] is flag transitive. Then there exists a collineation 
ol:Y+X,O-+O.SinceIiVAI#INUI,ol:X+Q#Y.LetH,bethe 
group of Y - OX perspectivities and Hz be the group of Q - OX 
perspectivities. Then HI = Nh and Hz w  N, . Let A4 = {Qh I h E (HI, H,)). 
Now X, Y $ M, and thus HI acts regularly on M, and H, acts regularly 
on M - {Q}. Hence, ( A4 / E O(mod ( HI 1) and 1 A4 / = l(mod 1 Hz I). 
But both 1 HI 1 and j Hz ( are even. This is a contradiction, and hence rr is 
not flag transitive. 
It can be shown by a method similar to that used in Theorem 4.2 that 
~[F(V?J] and ~T[F(V?J] are not isomorphic to h-planes, n(F,), or n(F,). 
However it is not known whether these planes are flag transitive. 
We conclude with a result on counting of collineations in a projective 
plane. 
PROPOSITION 4.1. Let r be a projective plane, A # B points neither of 
which is on line n. Let HI and H, be the groups of A - n and B - nperspec- 
tivities, respectively, and let M = {Bh / h E (H, , H,)}. Then 
Proof. Let 8 : (HI, H,) --f M by he = Bh. 6 is certainly onto M. 
Let he = ke, then Bh = Bk, so B = Bkh-l. kh-1 is thus a B - n 
perspectivity. So kh-l E H, . Hence H,k = H,h. Conversely, if H,k = H,h, 
then kh-’ E H, , so B = Bkh-l. Hence h6’ = ktl. 
Thus, 0 maps whole cosets of H, to distinct elements of M. So we have 
I(fb, &)I = I M II Hz I. 
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